One problem involving Pell equation

(attached to problem
https://www.linkedin.com/feed/update/urn:li:activity:6512525019552321536)
Proposed by Arkady Alt.

Find all natural m such that 2m + 1 and 3m + 1 both are perfect squares;
Solution.

a)2m+1 =x%3m+1 = y*then 3x> - 2y? = 1, where x = 1(mod2),y = 1(mod3).
Let P, := {(x,y) | x,y e Nand 3x* - 2y% = 1},

P, = {(xﬁ +yﬁ> | x,y € Nand 3x2 —2)? = 1} andg : P, — P,

defined by ¢(x,y) = xJ3 +yJ2. Since x4/3 +yJ2 = 0 < { T 8 then

y =
@ isomorphism.
Let x,,,, be natural numbers defined by representation (V3 + 2 ) (5+2/6)"
in the form x, V3 +y,4/2 obtained by collected terms with /3 and /2.
Since 3x2-2y2 = (V3 +V2)(5+246)" (V3 -v2)(5-2/6 )" = 1 then
(xn,yn) € P.forany n € NU {0} and can be defined recursively by

xn+11/§ +yn+1«/§ = <xn1/§ +yn1/§><5+21/€> p—

ntl = 5 n+4 n
(1) 3TN e N (o,
Vn+l = 6xn+5yn

where xo = 1,y9 = 1.

We will prove that for any solution (x,y) € P, there is n € NU {0} such that
(5,3) = (xn,yn), thatis xy3 +yy2 = x,4/3 +y.y2.

Proof.

Suppose opposite, that is xy/3 + /2 # x,4/3 +y,4/2 forany n e NU {0}.
Since x,4/3 + yuv2 < xp1V3 +yun4/2 foranyn e NU {0} and

lim (x4/3 +yny/2 ) = oo then there is m e NU {0} such that

X3 +Ymd2 < X3 +9V2 < X3 +yma V2.
Since (xv3 +y4/2)(5-2J6) = (5x—4y) /3 + (5y - 6x) /2 and
5x > 4y < 25x% > 16y < 75x% > 48y? < 25(2y? +1) > 48y? < 292 +25 > 0,
5y > 6x < 25y > 36x2 < 50p? > 72x? < 25(3x* - 1) > 72x? < 3x? > 25
( because x is odd and x # 1 then x > 3 and latter inequality holds).
Also note that no (x,y) € P, such that
23 4942 € (o3 +yod2.xid3 +01v2 ) = (V3 42,943 +1142).
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Indeed, since x is odd and % isn’t perfect square for x € {3,5,7y and x ¢ {1,9}

(because otherwise y € {I,11}> and xy/3 +y/2 € {,/?+ﬁ,9ﬁ+ llﬁ})then

x>9 = 2y?=3x2-1>242 = y > 11 and, therefore m > 1.

So, if xJ/3 +y42 € <x,,,ﬁ F VA2 Xme1 A3 +ym+1,/§> then

<x,/§ +y\/§><5—2\/€> =(Bx—4)J3 +(5y-6x)J2 € <xm_1ﬁ FVma N2  Xm3 + 2
and (5x —4y,5y —6x) € P,.



Applying reverse transformation m times, that is multiplying inequality
X3 +ymd2 < xJ3 +3J2 < xpa /3 +ymad2by (5-2/6)"
we obtain inequality xo4/3 +vo/2 < x'V3 +y'V2 <x1/3 312
where x'3 +y'V2 = (xV3 +yy2 ) (5-2/6)"and x',y' = x',y'are natural.
But as was proved above P, N(/3 + 42,93 +11y2) = @.
Obtained contradiction complete the proof.
Thus, P, = {(xn,yx) | n € NUL0}}.
Instead system (1) convenient to use independent recurrences of the second degree
defined x,,y,. Namely,

{ Xner = 1061 + 0 = 0,1 € NU {0%,x0 = 1,x1 = 9
()= .

Vns2 = 10yni1 + v, = 0,n e NU{0},y0 = L,y = 11



